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Abstract
In PG(3, q) with q ≡ 3mod 4 and q7, a complete (q2 + q + 4)/2-cap is constructed. A characterization in terms of the
collineation group preserving such a cap is also provided.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In the desarguesian plane PG(2, q) of odd order q, with q5, the maximum number of points that an irreducible
conic C and a k-arc not contained in C can share is (q + 3)/2. The ﬁrst example of a complete k-arc attaining this
maximum was constructed by Lombardo Radice [4] in PG(2, q)with q ≡ 3mod 4. If the irreducible conic has equation
X1X2 = X20, the Lombardo Radice arc has size (q + 5)/2 and it consists of the points O(1, 0, 0), X∞ = (0, 1, 0),
Y∞ = (0, 0, 1) together with the points Pa = (1, a, a−1) as a ranges over all non-zero square elements of GF(q). This
idea was generalized by Segre [7] giving a synthetic description for Lombardo Radice’s construction. Let C be an
irreducible conic and O an external point to C. Take any one of the two common points of C with each of its chord
through O, together with the two tangency points of the tangents through O and the point O itself. The resulting set
is a (q + 5)/2-arc K containing (q + 3)/2 points from C. It is conceivable that either K itself is complete as in the
example due to Lombardo Radice, or one needs to add only a few points to K to make it complete. This was shown
in two long papers by Pellegrino [5,6] using synthetic arguments. A different approach based on polynomials and
collineations was adopted by Korchmáros and Sonnino [3] who were able to show that if (q + 1)/2 is a prime, then
any complete arc containing (q + 3)/2 points from C contains at most four points outside C. It should be noted that
the common afﬁne points of the arc and the conic in Lombardo Radice’s construction constitute a single orbit under
the cyclic linear collineation group preserving the arc. Actually, this property characterises the Lombardo Radice arc,
see Theorem 2.1.
The above Segre’s description of the Lombardo Radice arc makes it possible to use a similar procedure to obtain a
k-cap in PG(3, q) with q odd. Let Q denote an elliptic quadric in PG(3, q). Given any point O ∈ PG(3, q) outside Q,
take one of the two common points of Q with each of its chord through O, together with the q + 1 tangency points of
the tangents through O and the point O itself. The resulting set is a (q2 + q + 4)/2-cap K containing (q2 + q + 2)/2
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points from Q. It should be noted that the latter integer gives the maximum number of points that a cap in PG(3, q) can
share with an elliptic quadric not containing it. Like the planar case, it is conceivable that if K itself is not complete,
then to make K be complete only a few points needed to be added. But this has not been proved so far.
In this paper, we focus on those caps K of size (q2 + q + 4)/2 obtainable by the above Segre’s method, which are
invariant under a linear collineation group of PG(3, q) acting transitively on the common points of K and the elliptic
quadric Q. Our main result is that if q ≡ 3mod 4 then such a cap exists, complete and uniquely determined up to a
linear collineation, while no example exists when q ≡ 1mod 4 and q9.
2. A characterization of the Lombardo Radice arc
Theorem 2.1. Let K be a k-arc of size k = (q + 5)/2 in the projective plane PG(2, q), q7 odd, sharing (q + 3)/2
points with an irreducible conic C not containing K. If there is a cyclic linear collineation group T of order (q − 1)/2
preserving both K and C such that an orbit of size (q − 1)/2 is contained in both K and C, then q ≡ 3mod 4 and K is
a Lombardo Radice arc.
Proof. The linear collineation group preserving C has the following properties: it has order (q + 1)q(q − 1); for q7
every cyclic subgroup of order (q − 1)/2 ﬁxes two points, and conversely, the stabilizer U of any two distinct points
is a cyclic group of order q − 1 being isomorphic to the multiplicative group of GF(q); the subgroup of U of index 2
has two non-trivial orbits on C, each of length (q − 1)/2.
It turns out that T ﬁxes two common points of K andC.We can choose a frame such thatC has equation X1X2 =X20,
and that X∞ = (0, 1, 0), Y∞ = (0, 0, 1) are the ﬁxed points of T. Thus the origin O is the common point of the tangents
to C at X∞ and Y∞, respectively. Furthermore, it may be assumed that E = (1, 1, 1) is a common point of K and C.
Hence, T consists of all collineations c : (X0, X1, X2) → (X0, cX1, c−1X2) as c ranges over all non-zero square
elements of GF(q). Therefore K ∩ C comprises X∞, and Y∞ together with the set  of all points Pc = (1, c, c−1) as
c ranges over all non-zero square elements of GF(q).
Since K is not contained in C, the arc ∪ {X∞, Y∞} is not complete. From the main lemma in [2], this only occurs
when q ≡ 3mod 4 and K =  ∪ {X∞, Y∞, 0}, that is, when K is the Lombardo Radice arc. 
3. A complete 12 (q
2 + q + 4)-cap in PG(3, q) with large collineation group
Let Q denote an elliptic quadric in PG(3, q) with q7 odd. Since Q can be viewed as the Miquelian inversive plane
of order q, the linear collineation group  of PG(3, q) preserving Q has a subgroup G of index 2 that has no involutory
homologies. The main properties of G are as follows:
(i) GPGL(2, q2);
(ii) G is faithful on Q;
(ii) G acts on the points of Q as PGL(2, q2) regarded in its sharply 3-transitive permutation representation on the
projective line PG(1, q2).
For a secant plane  of Q, let  denote the set of common points of  and Q. Let H be the subgroup of G preserving
. Then H is isomorphic to PGL(2, q) and acts on  as PGL(2, q) in its 3-transitive permutation representation on the
projective line PG(1, q).
Let P ∈  be any point. Then the stabilizer HP of P in H has order q(q −1), and acts on the points of  distinct from
P as a sharply 2-transitive permutation group. More precisely, HPAGL(1, q) where AGL(1, q) is the permutation
group on GF(q) consisting of all permutations x → ax + b as a(	= 0), b range over GF(q).
Concerning the action ofHP inPG(3, q), we have thatHP ﬁxes the poleO of with respect to the orthogonal polarity
arising from Q. Therefore, HP preserves the tangent  through O with tangency point P, and induces a permutation
group on the planes in the pencil P with carrier . More precisely, HP preserves the tangent plane to Q at P, and acts
on the remaining q planes as on \{P }. In fact, if A ∈ \{P } and A is the plane spanned by O,P and A, then the
image of A under h ∈ HP is the plane through the points O,P and h(A). In particular, HP has a faithful action on the
planes ofP distinct from . This shows that every such plane is preserved by a cyclic subgroup of HP of order q − 1.
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Let M be the unique subgroup of HP of index 2. Then the subgroup of M ﬁxing P and another point R ∈  is a
cyclic group of order C of order ((q − 1)/2. Clearly, M has two orbits on Q\, say L1 and L2, both of size 12 (q2 − q).
For i = 1, 2, set Ti = Li ∪ .
Theorem 3.1. Assume q7. Then the point-set Ki = Ti ∪ {O} is a cap of PG(3, q) if and only if q ≡ 3 (mod 4).
Proof. Let R be any point in Li . Since O is the unique point of Ki not on Q, it sufﬁces to prove that the line  through
O and R is a secant of Li if and only if q ≡ 1 (mod 4). Since R /∈ , the points O,P and R span a secant plane  of Q.
The common line of  and  meets  in two distinct points, one of them is P. The conic cut out on  by Q is preserved
by a cyclic group C of order (q − 1)/2. Now, if Ki is a cap, then Ki ∩  is a Lombardo Radice arc preserved by C.
By Theorem 2.1 q ≡ 3(mod 4). Conversely, if g ≡ 3 (mod 4), then Ki ∩  is an arc. Hence R /∈Ki ∩  yielding that
R /∈Ki . 
Theorem 3.2. Assume q7. If q ≡ 3(mod 4) then Ki is a complete 12 (q2 + q + 4)-cap of PG(3, q).
Proof. Suppose on the contrary that a point A ∈ PG(3, q) can be added to Ki such that Ki ∪ {A} is still a cap in
PG(3, q). Since P ∈ Ki , the points O,A and P span a plane 	. As before, let C denote the cyclic subgroup of HP
of order q − 1 that preserves 	. The subgroup D of C of index 2 preserves Li , and hence it preserves the conic C cut
out on 	 by Q. The points of Li ∪  lying in 	 together with O constitute a 12 (q + 5)-arc V . By Theorem 2.1, V is a
Lombardo Radice arc; in particular it is a complete arc. Thus, V has a secant through A. Since V is contained in Li , A
cannot be added to Li . 
Theorem 3.3. Suppose q ≡ 3 (mod 4). The linear collineation group of PG(3, q) preserving Ki has order q(q − 1).
Proof. From the construction of Ki , the collineation group M preserves Ti . Note that M is a normal subgroup of the
full linear collineation group  of order 2q(q − 1) which preserves both Q and . Since L1 and L2 are the orbits under
the action of K on Q\, a subgroup of  of index 2 preserves both L1 and L2. Since it has order q(q − 1), the assertion
follows. 
Theorem 3.4. Let U be a k-cap in PG(3, q) with k= 12 (q2 +q +4). Assume that U comprises (q2 +q +2)/2 points of
an elliptic quadric Q together with a point O outside Q. If q7 and the linear collineation group preserving U contains
a subgroup N of order q2 − q, then q ≡ 3 (mod 4) and U is projectively equivalent to the complete cap K constructed
above.
Proof. We begin by observing that N preserves Q, as U is not contained in the intersection of Q with another elliptic
quadric of PG(3, q), by the hypothesis q > 3. Since there is a unique point O in K outside Q and |U | = 12 (q2 + q + 4),
the cap U can be obtained by Segre’s method. Let  be the polar plane of O with respect to the polarity arising from Q.
Clearly  is a secant plane, and N preserves the set  of common points of Q and .
It might be that N does not act faithfully on , but this cannot actually occur. In fact, if N contained a collineation
k ﬁxing  pointwise, then k would be a homology with axis , and hence with centre O. But this is impossible, as the
points O, A and k(A) are collinear.
Therefore, the identity is the only collineation in N which ﬁxes more than three points of . Since |N | = q(q − 1)
this implies that N has unique ﬁxed point P in . It turns out that N and the group HP introduced before have the same
action on . Then for any element k ∈ N there is an element h ∈ HP such that k = he where e is either the identity or
the involutory homology with centre O and axis .
We show that N contains no involutory homology. To do this, assume on the contrary that h ∈ N is a involutory
homology with centre A and axis 	. Note that A 	= O and hence A ∈  .
We can choose a framewith the pointO as the origin and notice that each line joiningOwith a point of the q(q−1)/2-
orbit is a chord of the elliptic quadric Q (because each of these lines has the same behavior with respect to Q and they
are too many as tangent lines). Therefore the lines joining O with the remaining q + 1 points of Q∩K are the tangents
to Q; thus these points are coplanar and lie on the plane at inﬁnity. Let A,B be points at inﬁnity of Q and let  be the
plane containing A,B,O; the conic  ∩ Q contains (q − 1)/2 afﬁne points of K at most (because O kills the other
V. Abatangelo, B. Larato / Discrete Mathematics 308 (2008) 184–187 187
points). Now we ﬁx the point A and let the point B range the conic at inﬁnity of Q; if one of these q planes meets K in
less than (q − 1)/2 points, certainly there is another plane with more than (q − 1)/2 points and this is not possible.
Thus each secant plane through the line OA meets K exactly in (q − 1)/2 afﬁne points and these points lie on a single
orbit with respect to the linear collineation group of K; therefore in each plane we can apply the preceding Theorem.
Explicitly we notice that the cap K is complete as any point P outside the cap K lies on a secant plane through a line
OA and this plane intersects K in a complete Lombardo Radice arc. 
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